The natural definition of orthogonality of elements of an abstract Euclidean space is that x Xy if and only if the inner product (x, y) is zero. Two definitions have been given [ll] (2) which are equivalent to this and can be generalized to normed linear spaces, preserving the property that every twodimensional linear subset contain nonzero orthogonal elements. The definition which will be used here (Definition 1.2) has the added advantage of being closely related to the theories of linear functionals and hyperplanes. The theory and applications of this orthogonality have been organized in the following sections, which are briefly outlined:
1. Fundamental definitions. An element x is orthogonal to an element y if and only if ||#+éy|| è||*|| for all k. This orthogonality is homogeneous, but is neither symmetric nor additive. 2. Existence of orthogonal elements. An element x of a normed linear space is orthogonal to at least one hyperplane through the origin, while for elements x and y there is at least one number a for which ax+y A-X or ||ax+y|| is minimum (Theorems 2.2-2.3).
3. Orthogonality in general normed linear spaces. The limits N±(x; y) = + limn^±0O||wa;+y|| -||wx|| =limA^±0[||x+Äy|| -||x|| ] /h exist and satisfy weakened linearity conditions. Also, x A-ax+y if and only if N~(x; y)g-a||x|| N+(x; y), while N+(y; x) =0 for all nonzero x and y satisfying N+(x; y) =0 if and only if orthogonality is symmetric and N-(x; y) =N+(x; y) (Theorems 3.2 and 3.5). 4 . Types of uniqueness of orthogonality. An element x oî a normed linear space is orthogonal to only one hyperplane through the origin if and only if orthogonality is additive, or if and only if the norm is Gateaux differentiable (Theorems 4.1-4.2). The space is strictly convex if and only if there is a unique number a for which ax+y JLx (Theorem 4.3).
5. Hyperplanes and linear functionals. Conditions for orthogonality can be given in terms of hyperplanes, while there is a unique number a with Xo Yaxo+y if and only if there is a unique linear functional/ with ||/||=1 and/(x0) =||*o||, or if and only if the sphere ||jc|| á||#o|| has a tangent hyper- (2) Numbers in brackets refer to the references at the end of the paper.
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use plane at x0 (Theorem 5.3)-there being analogous conditions for the uniqueness of the number o for which ax+y ±x. These types of uniqueness can be related by using conjugate spaces (Theorems 5.3-5.6). 6 . Existence of inner products. An inner product can be defined in a normed linear space if N+(x; \\x\\y) =N+(y; \\y\\x) (Theorem 6.4), while this is true for a space of three or more dimensions if orthogonality is symmetric and additive, or if N+(y;x) =0 for all nonzero elements * and y satisfying N+(x; y) =0 (Theorems 6.1-6.2).
7. Existence of elements orthogonal to linear subsets. There is an element orthogonal to each closed linear subset of a normed linear space if and only if each linear functional takes on its maximum in the unit sphere, while various sufficient conditions for this can be given (Theorems 7.1-7.3). One of these is uniform convexity, which also implies the uniqueness of the element on a given side of a hyperplane 77 through the origin and orthogonal to H (Theorem 7.4). 8 . General forms for linear functionals. If no element of a normed linear space is orthogonal to more than one hyperplane through the origin, and if there is at least one element orthogonal to each closed linear subset, then for any linear functional/defined in the space and having ||/|| =1 there is an element Xo for which f(y) = N(x0;y) = -a||jco||> where N(x0;y) is the Gateaux differential of the norm and x0 J-axo+y. Other conditions for this can be given, while the element x0 (with ||xo|| =1) is unique for a given/ if the space is strictly convex. 
+IMI.
It follows from (3) that the functional ||*|| is continuous. A normed linear space which is complete is a Banach space [2, p. 53]. Definition 1.
1. An abstract Euclidean space is a normed linear space such that to each ordered pair of elements * and y there can be associated a number (x, y) with the following properties:
(1) (tx, y) = t(x, y) for all numbers /.
(2) (x,y) = (y,x). (3) (x,y+z) = (x,y) + (x,z). III. Additivity. If x -Ly and x ±z, then x ±(y+z).
IV. For any elements x and y there exists a number a such that x A.(ax+y). The last property is important as an assurance that a concept of orthogonality is not trivial. An even stronger condition is satisfied by the orthogonality of Definition 1.2 (Theorem 2.2). This orthogonality is clearly homogeneous, but is not necessarily symmetrical nor additive (Theorems 4.2 and 6.1). For abstract Euclidean spaces, ||x+¿y||2 = ||íc||2+2^(íc, y)+¿2||y||2. Hence x -Ly if and only if (x, y) =0. The orthogonality of Definition 1.2 is therefore symmetric and additive in abstract Euclidean spaces. Also, (x, ax+y) = a\\x\\2+(x, y), and x ±.ax+y if and only if a= -(x, y)/\\x\\2.
2. Existence of orthogonal elements. Definition 2.1. A hyperplane of a normed linear space T is any proper closed linear subset M which is not properly contained in a proper linear subset of T, or any translation x + M of such a linear subset M.
Clearly if \yn\ is a sequence converging to y, and x is orthogonal to each y", then x _Ly. Hence for any x the set of all y with x -Ly is closed. For any element x of a normed linear space there is at least one hyperplane H through the origin with x J-ZZ, the uniqueness of H being equivalent to Gateaux differ-{*) This definition was used by Birkhoff [3] and by Fortet [6 and 7] . entiability of the norm and to additivity of orthogonality ( §4). The following theorems are basic to much that follows. However, for a given hyperplane H through the origin there does not necessarily exist an element x with x A.H. This problem is equivalent to finding an element x with/0«) =||/|| -||x|| for a given linear functional/, and will be studied in §7. For vectors x and y in ordinary Euclidean space, x ±.ax+y if a= -cos ö||y||/||x||, where 6 is the angle between x and y. In that case, ||*-r-fe(o*-T"y)|| >||*|| if ky*0. However, for elements x and y of a normed linear space it is possible to satisfy this stronger inequality if and only if the space is strictly convex (Theorems 2.3 and 4.3).
Unlike other types of orthogonality which have been used [ll and 18], x -L/y does not imply y J-x. Thus Corollary 2.2 does not give the existence of a number b such that bx+y J-x. Likewise, the uniqueness of the number a with x 1-ax+y is independent of that of the number b with bx+y 1.x. The differ-ence in these two conditions is partially evident from the following theorem, and will be shown clearly later ( §4).
Theorem 2.3. For any elements x and y of a normed linear space, there exists a number a such that ax+y 1.x. This number ais a value of kfor which \\kx+y\\ takes on its absolute minimum. If Ax+y Ajx and Bx+y -be, then ax+y J-x if a is a number between A and B.
Proof. By definition, ax+y JLx if and only if || (ax+y) +kx\\ ^\\ax+y\\ for all k, or if and only if ||iwc+y|| is the smallest value of ||fcx;+y||. Since [|foe+y|| is continuous in k, it must take on its minimum. Suppose Ax+y Ajx and Bx+y A-x. Since the function f(n) = ||*+wyf| is convex (except for possible straight line segments), it follows that ||oa:+y|| =||.4:x;+y|| = ||.B*+y|| if a is between A and B, and that x A.ax+y.
Let a and b be numbers such that x A.ax+y and y A.by+x. If x and y are elements of an abstract Euclidean space, then £>||y||2 = a||x||2. Also, aôj|*||2||y||2 = (*, y)2, or cos2 0 = ab, where 0 is the angle between x and y. In a normed linear space it is possible to have ab = 1 without x and y being parallel, but the following generalization is possible. +¿i*|| è||a«+y|l for a11 *i-If y l-h+x, then ||y+£2(&y+x)|| è||y|| for all *,.
Letting ki= -a gives J|y|| ^||a*+y||, and k2 = a/(l-ab) gives ||ax+y|| è|l-oô|||y||. Hence ||y|[ =■ | l-ab\ \\y\\ anda& = 0. 3. Orthogonality in general normed linear spaces. For abstract Euclidean spaces, lim,,..00||»*+y|| -||wx||, or N+(x;y) =limh^+o[\\x+hy\\ -\\x\\]/h, is zero if and only if x -Ly. While this is not true in normed linear spaces, this limit is closely related to orthogonality and its being zero implies xA.y. These limits are known to exist(4), but the proof of their existence and an evaluation of the limits in terms of orthogonality can be given simultaneously.
Theorem 3.1. For any elements x (¿¿0) and y of a normed linear space, limB..00||»*+y||-||w*|| = -.4||*|| öwalim"^||w*||-||w* -y\\ = -B\\x\\, where A and B are the algebraically smallest and largest of the numbers a such that x A-ax+y.
Proof. Since |||wa:+y|| -||w*|| | û\\y\\ íor all n,\\nx+y\\-\\nx\\ has a limit point as w becomes infinite. Let -r||*|| be such a limit point and {nA be a sequence of numbers such that limi_00w<= «j and limi..00||wi;c+y|| -||»i*|| = -r\\x\\. It is known [ll, Lemma 4.4] that for any number a this limit Since | e<| <e, it follows that lim<J.ooe< = 0. Hence if p is any number and «< becomes infinite, but with m = nt/p, it follows that ||£* + 0"*+y)|| =||£*|| f°r all p. Thus if -7"||*|| is a limit point of ||w*+y|| -||»*|| as « becomes infinite, then* Hrx+y. But it was also shown that -r||*|| ^ -¿||x||, or .4 ^r. It therefore follows that r=A, lim"..00||»*+y|| -||w*|| exists and equals -^4||*||, and that x AAx+y. If B is the largest number such that x A-Bx+y, then -B is the smallest number for which x l--Bx -y. Hence lim,,^!!«*!! -||«* -y|| = -7j||*ll- If the two limits of Theorem 3.1 are added, it is seen that the number a defined by lim"_00||re*+y|| -1|«* -y|| = -2a||;e|| is the mean of the largest and smallest of all numbers a for which x A.ax+y. The following theorem follows from this and the fact that lim"-.oo||w*+(a*+y)|| -||«*+y|| =a||*|| [11, Lemma 4.4] . The norm of a general normed linear space is not differentiable at all nonzero points, although lim"..+o(||*+Äy|| -||*||)/Ä exists. If this limit is denoted by N+(x; y), and lim",_0(||*+Äy|| -||*||)/A by N-(x; y), then, if x?¿0, (1) N+(x; y) = -A\\x\\ and N-(x; y) = -B\\x\\, where A and B are the smallest and largest of the numbers a for which * ±ax+y (Theorem 3.1). If the Gateaux differential of the norm (Définition 4.3) exists at *, then N+(x; y) is a linear functional in y. It is not linear in general (Example 8.1), but does satisfy the following weakened linearity conditions: (2) N+(x; y + z)^ N+(x; y) + N+(x; z).
N+(x; ty) = t-N+(x; y) for t ^ 0.
(4) #+(*;*) «||*||; \ N+(x; y)\ ^\\y\\.
These three relations follow from results given by Ascoli [l, pp. 53-55], but follow easily from the theory of orthogonality. The first is a direct application of the triangular inequality of the norm, while (3) follows from -N+(x; /y)/||*|| and -N+(x; y)/||*|| being the smallest of the numbers a and b, respectively, for which * J-ax+ty and * libx+y. The inequality (4) follows from * _L-[N+(x; y)/||*|| ]x+y and Corollary 2.2.
If A is the smallest of the numbers a for which * l.ax+sy, then A -r is the smallest of the numbers b for which * A.bx + (rx+sy). Using this, it follows that: (5) N+ ( (6), the validity of which follows from the evaluation of N+(x; y) and iV_(*; y) given by (1) above: (6) * A-ax + y if and only if N-(x; y) g -a||*|| á N+(x; y).
If N+(x; y)=N+(y; x) =0, then it follows from (6) that *_Ly and y±x.
For general normed linear spaces neither N+(x; y) =0 nor N+(y; *) =0 is a necessary condition for the orthogonality of * and y, while the assumption that one follows from the other is very severe (Theorems 3.5 and 6.2). Theorem 3.5. A necessary and sufficient condition that N+(y; x) =0for any nonzero elements x and y of a normed linear space T satisfying N+(x; y)=0 is that orthogonality be symmetric in T and for any elements * ( y^ 0) and y there be a unique number a for which x-Lax+y.
Proof. If for all * (y^O) and y there is a unique number a for which xHax+y, then it follows from (6) that * J_y if and only if N+(x;y) =0. Hence if orthogonality is symmetric and * and y are not zero, then N+(y; *) =0 if Hence for any elements x (^0) and y there is a unique number a for which x_L<zx+y. 4 . Types of uniqueness of orthogonality. For any elements x and y of a normed linear space, there is a number a for which X-Lax+y and a number b for which bx+yAjx. These numbers are not unique in general, their uniqueness being related to the concepts of differentiability of the norm and strict convexity (Theorems 4.1 and 4.3). Since orthogonality is not symmetric, this uniqueness can take the following forms: Definition 4.1. Orthogonality is right-unique if and only if for no elements x (5*0) and y there is more than one number a for which x-Lax+y. Definition 4.2. Orthogonality is left-unique if and only if for no elements x (t^O) and y there is more than one number a for which ax+yAjx. If orthogonality is symmetric, then it is right-unique if and only if it is left-unique. This was the case for the orthogonality conditions ||*+y| | =||*-y|| and ||*||2 + ||:y||2==||*-y||2 studied in a previous paper [ll], but not for the orthogonality of Definition 1.2. Moreover, it is clear from (6) of §3 that N+(x; y) = iV_(x; y) for all x (^0) and y if and only if there is a unique number a for which xA.ax+y. It is known that N(x; y) is a linear functional of y if it exists, from which it follows that *_Ly and *J_z imply *±y+z (6) . The converse of this is also true. Proof. If orthogonality is right-unique and x±.y and *_Lz, then y and z both belong to the hyperplane 77 through the origin for which * J_H (Theorem 2.2), H being unique if for all y there is a unique number a for which xJ-ax+y.
Then y+zÇ^H and X-Ly+z. Conversely, suppose orthogonality is additive and xA.ax+y and xlibx+y.
Then *L -(bx+y) and additivity gives xA-(a -b)x. But this means that ||*+&(a -5)*|| è||*||, which is true for all k only if a = b. Therefore orthogonality is right-unique if it is additive. That orthogonality is additive if and only if the norm is Gateaux differentiable at all nonzero points now follows from Theorem 4.1.
If the norm of a normed linear space has a Gateaux differential N(x\ y) at each nonzero point *, then *_Ly if and only if N(x\ y) =0, and the points y satisfying N(x; y)=0 form the unique hyperplane H for which xl.II. If N(x; y) exists, then N(x; y)+N(x; z) =N(x; y+z) and xHy and xHz imply *i_y+z.
For any elements * and y of a normed linear space and any number h there is a number a* such that ||*+A(a&* +y)|| =||* -A(a**+y)|| (see [ll, Theorem 4.4] Lemma 3] , but he unnecessarily assumes uniform convexity (Definition 5.4) as well as differentiability (regularity) of the norm.
(') See Clarkson [4] . Strictly normalized is sometimes used [19] .
||x||+||y|| =||x+y|| and ys^O imply the existence of a number t for which x = ty. The triangular inequality of the norm implies that the function f(n) = ||x+wy|| of the real variable « is concave up except for possible straight line segments. Hence if the norm is Gateaux differentiable, then N(x+ny; y) =/'(«) is monotonie increasing and therefore continuous [22, Theorem 4.32] . It is equal to -ö"||x+«y||, where x+wy_La"(x+wy)+y.
If the normed linear space is also strictly convex, then/(«) = ||x+«y|| is convex and/'(«) is a continuous, increasing function.
If x+cty-Ly and x + byA.y, then ||x+ay|| = ||x+Z»y||, since each is minimum.
Also, ||x+»y|| is constant for a_w = & (Theorem 2.3). Therefore orthogonality is left-unique in strictly convex spaces. The converse of this is also true. Theorem 4 j. A necessary and sufficient condition that a normed linear space T be strictly convex is that orthogonality be left-unique. This theorem enables one to determine easily whether orthogonality is left-unique in a linear subset T of the space C (or whether T is strictly convex). It is seen from (6) of §3 that a condition for orthogonality being rightunique in T (or the norm of F being differentiable)
would result from an evaluation of the limits N+ix; y) and iV_(*; y). These limits are known to exist in general normed linear spaces. For the space C, »t h \ v ma* I/+ hz\ ~max I/I N+if; S) = lim-:-
It follows from results of Fréchet [8] that the norm of C is Gateaux differentiable at a point/if and only if |/| takes on its maximum at only one point, as also follows from the following evaluation of iV+(*; y) and N-(x; y). This theorem follows easily from (7). If orthogonality is also symmetric, it can be strengthened to state that fA.g if and only if each of |/| and |g| is zero at all points for which the other is maximum.
However, for spaces of three or more dimensions this implies the space is abstract Euclidean (Corollary 6.1). Then two functions belonging to T" can take on their maximum at the same point only if they are multiples of each other, while no function F can take on its maximum at more than one point. Thus orthogonality is both left-and right-unique, and T" is strictly convex and its norm is Gateaux differentiable at all nonzero points. Then (from Theorem 4.6) it follows that FA.G if and only if G(a) =0 for the number a for which | F(a)\ =\\F\\. However, it does not follow from G being zero at the point for which | F\ is maximum that F is zero at the point for which | G | is maximum. Thus orthogonality is not symmetric in T", and T" is not an abstract Euclidean space.
5. Hyperplanes and linear functionals. It has been shown that for any elements * and y of a normed linear space there can be found at least one number a for which xl.ax+y, and a number b for which bx+y±.x. The number a is unique (or orthogonality is additive) if and only if the norm is Gateaux differentiable at nonzero points, while b is unique if and only if the space is strictly convex (Theorems 4.1 and 4.3) . Results of this type will be interpreted and extended by use of linear functionals and the concepts of conjugate spaces and supporting and tangential hyperplanes.
The following definition could be given for more general surfaces than spheres [14] , but is sufficient for this paper. (1) There is a unique linear functional f with \\f\\ = 1 and f(x0) = 1. This functional f is then f(y) = -a = N(xo; y), where *0-Lö*o+y.
(2) There is a hyperplane tangent to the unit sphere at the point *0. Such a tangent hyperplane consists of all elements y for which *0-L*o -y.
Results analogous to the above can be obtained by knowing that a normed linear space is strictly convex if and only if orthogonality is left-unique (Theorem 4.3). Thus it is known that a normed linear space is strictly convex if and only if for no linear functional / is there more than one point * (with (8) ||x|| =1) for which/(x) =||/ -that is, no linear functional takes on its maximum in the unit sphere ||x|| =1 at more than one point. This was shown by Smulian [19, Theorem 6] , but also follows easily from the theory of orthogonality:
For suppose/ (with ||/|| =1) takes on its maximum in the unit sphere at the two points xi and X2. Then f(xi) =||xi|| =1 and /(X2) =| X2II = 1. Thus /(xi-x2) =0 and/(xi+A[x2-Xi]) = 1. Hence ||xi+fc(x2 -Xi)|| =||xi|| =1 for all k, and Xi-L(x2-Xi). Likewise X2-L(x2-Xi). Therefore Xi+A(x2 -Xi)-L(x2 -Xi) if 0 = A = 1 (Theorem 2.3). Thus orthogonality is not left-unique and the space is not strictly convex.
Conversely, if a normed linear space is not strictly convex, then orthogonality is not left-unique.
Then for some elements x and y and number a, yj-x and ax+yJ-x.
The existence of a linear functional/ with/(y) =||/|| I y and/(x) = 0 follows from Theorem 2.1. But it then follows from ||ax+y|| =[ y (Theorem 2.3) that f(ax+y) =\\f\\ -¡lax+yW. Thus / takes on its maximum in the unit sphere at the two points y/||y|| and (ax+y)/[|ax+y||.
The following theorem is a consequence of the above and the fact that for every hyperplane H there is a linear functional/ and a number c such that H consists of all x satisfying/(x) =c, while the set of all x satisfying an equation The following theorems serve to complete Theorem 5.3. They make use of the concepts of weak compactness, regularity, and uniform convexity, which will be used in § §7 and 8 to get conditions for the existence of an element orthogonal to a given closed linear subset of a normed linear space. that g(**)^0 and A(y*)^0 if 0<A<l/||g|| and 0<A<1/||ä||. If k satisfies these inequalities, and A = Ai, then gixi) and h(xi) must be of opposite sign, since otherwise \f(xk) +k [gixi) +h(xi) ] | would not be less than ||/|| = 1. Likewise, giyi) and hiyi) would also be of opposite sign. Since the unit sphere of T is weakly compact, it is possible to choose sequences from the elements ** and y* which converge weakly to elements * and y, respectively, as k approaches zero. It is known that a uniformly convex Banach space is regular ([16, Theorem 2] or [17] ). However, a uniformly convex space is clearly strictly convex, which implies that orthogonality is left-unique.
Theorem 5.6. If a Banach space T is uniformly convex, then orthogonality is left-unique in T and right-unique in T', and it is left-unique in T' if and only if it is right-unique in T.
It is known that if a linear functional/ is defined over a linear subset 5 of a normed linear space T, then/ can be extended to all of T without increasing its norm [2, p. 55, Theorem 2] . Thus for any element x0 of T there is at least one linear functional g defined over T and with ||g|| =1 and g(x0) = lClearly this functional g is unique if for any linear functional / defined on a linear subset of T there is only one such extension of / to all of T. This condition therefore also implies that for each element x0 there is a hyperplane tangent to the sphere ||x|| ^||*o|| at xo, that the norm of T is Gateaux differentiable, and that orthogonality is right-unique in T (see Theorems 4.2, 5.1). Taylor has shown [21, Theorem 6] that if T' is strictly convex, then there is a unique norm-preserving extension for any linear functional defined on a linear subset of T(10). If every linear functional defined on T attains its maximum in the unit sphere and orthogonality is right-unique in T, then T' is strictly convex (Theorem 5.3), and hence there is only one extension for any linear functional / defined on a linear subset of T which doesn't increase the norm of / This argument is equivalent to the proof given below in terms of orthogonality :
(I0) An equivalent condition is that orthogonality be left-unique in T', or that no supporting hyperplane of the unit sphere S' of T' contain more than one boundary point of S' (Theo- (4) There is a tangent hyperplane at each boundary point of any sphere.
Proof. As noted above, it is known that if a normed linear space T is uni" formly convex or regular, or if its unit sphere is weakly compact, then every linear functional defined over T attains its maximum in the unit sphere. Suppose that for a linear subset 5 of T there is a linear functional / defined over S which has two nonequal extensions Fand G to all of T, both of which have the for all x and y, while Ficken [5] has shown that an equivalent condition is that ||ox+y|| = ||x+ay|| for all a and x and y with ||x|| =||y||. These conditions were used in showing that if orthogonality as defined by either of the conditions ||x+y|| =||x -y|| or ||x||2+||y||2 = ||x-y||2 is either additive or homogeneous in a normed linear space T, then T is an abstract Euclidean space (12) . These types of orthogonality are symmetric in any normed linear space, while that used in this paper is not.
Birkhoff [3] has shown that a normed linear space of three or more dimensions is abstract Euclidean if and only if orthogonality (Definition 1.2) is symmetric and unique, and that this is not true for spaces of two dimensions. It has been shown that orthogonality is right-unique if and only if it is additive (Theorem 4.2), and that it is left-unique if and only if the space is strictly convex (Theorem 4.3). Thus Birkhoff's theorem can be extended to give the following: License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use a normed linear space T of three or more dimensions to be an abstract Euclidean space: (1) That orthogonality be symmetric and additive in T.
(2) That T be strictly convex and orthogonality be symmetric in T (18) .
If T is a linear subset of the space C of continuous functions, then a necessary and sufficient condition for orthogonality to be right-unique in T is that, for any elementsf and g, glf have the same value at all points for which \f\ is maximum (14) . This is equivalent to the condition that g(a) = 0 for all numbers a for which \f\ is maximum if it is zero for one such number, and is also equivalent to the condition thatf.lg if and only if g(a) =Ofor all numbers a for which \f\ is maximum (Theorem 4.6). COROLLARY 
If T is a linear subset of C and is of three or more dimensions, then T is an abstract Euclidean space if and only if for any nonzero elements f and g of T it
follows from g = 0 at one point for which \f/ is maximum that g = 0 at all such points, and that f = 0 at all points for which \ g is maximum.
If S is any two-dimensional linear subset of a space T satisfying the conditions of Corollary 6.1, then S is an abstract Euclidean space and is hence equivalent to the space of functions of the formf=a sin x+b cos x in (0, ' 11"). However, a. two-dimensional linear subset T of C satisfying the conditions of Corollary 6.1 is not necessarily abstract Euclidean.
If the Gateaux differential N(x; y) of the norm exist for nonzero elements x of a normed linear space T, then x.ly if and only if N(x; y) =0 (Theorem 4.1) and orthogonality is symmetric if and only if N(x; y) =0 implies N(y; x) =0 for nonzero elements x and y. However, N+(x; y) =lim"++o[l\x+hyl\ -l\xl\lIh exists for all elements x and y of a normed linear space, and. it has been shown that orthogonality is symmetric and right-unique in a normed linear space if and only if N+(y, x) =0 for any nonzero elements x and y satisfying N+(x; y) =0 (Theorem 3.5). THEOREM 
A normed linear space of three or more dimensions is an abstract Euclidean space if and only if N +(y; x) = 0 for any nonzero elements x and y satisfying N+(x; y) =0.
Since symmetry of orthogonality implies the equivalence of right-and (13) Fortet has shown that "normal projection" on a closed linear subset of B is a continuous operation and that the set of all elements orthogonal to a given element of B is a closed linear set if B is a uniformly convex Banach space in which orthogonality is symmetric [7, Theorem II and p. 45 J. Since uniform convexity implies strict convexity, his results follow easily from Theorem 6.1. Added in proof: A theorem (as yet unpublished) has been established to the effect that abstract Euclidean spaces of three or more dimensions can be characterized by symmetry of orthogonality. The assumption of additivity or of strict convexity in Theorem 6.1 is therefore unnecessary.
left-uniqueness and hence of strict convexity and differentiability of the norm, it is interesting to consider whether orthogonality is symmetric in a strictly convex space whose norm is differentiable.
Suppose T is a finite-dimensional normed linear space, and that a representation of T in an ordinary Euclidean space E of the same number of dimensions has been constructed by means of a bilinear homeomorphism between T and E. Let S be the pseudo-sphere in E which consists of all points corresponding to elements of T whose norm is unity. Then T is strictly convex (or orthogonality is left-unique) if and only if no supporting hyperplane of 5 has more than one point of contact (Theorem 5.2). Also, the norm of T is differentiable (or orthogonality is right-unique) if and only if .S has a tangent hyperplane at each point (Theorem 5.1). Clearly the convexity and symmetry of 5 can be preserved and these conditions for uniqueness met without satisfying the condition for symmetry of orthogonality: that a line drawn through the origin parallel to a tangent hyperplane at any point p of S cut S in points at which the tangent hyperplane is parallel to the diameter through p.
The conditions given above for the existence of an inner product are not sufficient for two-dimensional spaces, but the following theorems give conditions not dependent on the dimension of the space. The first of these makes use of orthogonality concepts only in the method of proof, and is similar to Ficken'scondition [5] that ||x+oy|| =||ax+y|| if ||x|| =||y||. Proof. Define the inner product (*, y) as -a||*||2, where xl.ax+y. This value of the inner product is unique because of Lemma 6.1, and it is only necessary to show that it satisfies the conditions of Definition 1.1 :
(1) itx, y) =/(*, y). If x±ax+y, and ty±0, then txl.(a/t)itx)+ y because of the homogeneity of orthogonality. Thus itx, y) = -ia/t)\\tx\\2= -a¿||x||2 = /(*, y). If t = 0, the proof is trivial.
(2) (*, y) = (y, *). If xLax+y, and y_L&y+*, then (*, y) = -a||*||2 and (y, *) = -¿>||y||2. These are equal by Lemma 6.1.
(3) (*, y) + ix, z) = (*, y+z). Suppose *_La*+y and xlibx+z. Then xA-ia+b)x + iy+z) because of the additivity given by Lemma 6.1. Hence (*, y) = -a||*||2, (*, z) = -è||*||2, and (*, y+z) --(ö-r-ö)||*||2.
(4) (*, *) =||*||2. This is immediate from *_L( -1)*+*-Conversely, it follows from the definition of an inner product that for abstract Euclidean spaces ||«*+y||2 = «2(*, *) + 2«(*, y) + iy, y) and ||*+wy|r = (*, *)+2w(*, y)+n2iy, y). If ||*||=||y||, or (*, *) = (y, y), then ||»*+y|| = ||*+«y|| for all «.
It has been shown (Theorem 3.5) that orthogonality is symmetric and unique in a normed linear space if 7V+(y ; *) = 0 for any nonzero elements * and y satisfying N+ix; y) =0. This condition can be satisfied in a normed linear space of three or more dimensions if and only if the space is abstract Euclidean (Theorem 6.2). It is possible to strengthen this and get a condition analogous to that of Theorem 6.3, valid for spaces of any number of dimensions. But by Theorem 6.3 this is zero if and only if the space is abstract Euclidean.
7. Existence of elements orthogonal to given linear subsets of normed linear spaces. It was shown that for any x there is a hyperplane H with xA-H, the proof depending on the fact that for any x there is a linear functional / with/(x) =||/|| -llxll (Theorem 2.2). There is an analogous relation between the existence of elements orthogonal to given closed linear subsets and the existence of elements x with |/(x) | =||/|| -11*11 for given linear functionals/. Theorem 7.1. A necessary and sufficient condition that there exist an element orthogonal to each closed linear subset of a normed linear space T is that for each linear functional f defined in T there is an element x withf(x) = \\f\\ ■ \\x\\.
Proof. If ll/ll 5^0, then the set ZZ of elements for which/ = Ois a closed linear subset. It follows from Theorem 2.1 that any element x orthogonal to this set is such that |/(x)| =||/|| -11*11. Conversely, suppose H is any closed linear subset of T. Define the functional Fas being zero for elements of H and unity for some element xo not in H. This functional is clearly additive over the space obtained by adjoining x0 to H, and its continuity follows from H being closed. There is then a linear functional / defined over T and such that f(x) = F(x) for all x for which Fis defined [2, p. 55, Theorem 2] . If there is an element x for which/(x)= ||/|| -||x||, then xJ-ZZ (Theorem 2.1).
For any linear functional/defined in an abstract Euclidean space E, there is a unique element * with ||x|| = 1 and/(x) =||/||, and for any closed linear subset H in E there is an element xiJZ [13, is identically equal to iV(xo; y), (x0, y)/||*o||» or -o||x"||.
If there is at least one element orthogonal to any given closed linear subset of a normed linear space, then for any linear functional / with ||/|| =1 there is an element x with/(x) = 1 and ||x|| =1 (Theorem 7.1). If there is no hyperplane H through the origin with two linearly independent elements orthogonal to H, then this element x is unique. But if no element is orthogonal to more than one hyperplane through the origin, then orthogonality is additive and x_Lax+y implies/(ax+y) =0:
If there is at least one element orthogonal to any given closed linear subset of a normed linear space T and no element of T is orthogonal to more than one hyperplane through the origin, then for a linear functional f defined in T and with \\f\\ = 1 there is at least one element xo such that f(y) = -a||*o||, where xo A. ax0 + y.
There is only one such element xo having ||xo|| =1 if no two linearly independent elements are orthogonal to the same hyperplane through the origin.
Equivalent conditions for the uniqueness of the element Xo with ||x0|| =1 and/(y) m -a||x0|| are: (1) that orthogonality be left-unique; (2) that no supporting hyperplane of the unit sphere contain more than one boundary point; and (3) that T be strictly convex (see Theorems 4.3 and 5.2).
If no element of T is orthogonal to more than one hyperplane through the origin, then the norm of T is Gateaux differentiable (Theorems 4.1 and 5.1). Thus any linear functional/ with f(y) = -a||xo||, as above, is also equal to the differential N(x0; y). There is at least one element orthogonal to any closed linear subset of a Banach space B if B is regular, or if the unit sphere of B is weakly compact (Theorems 7.2-7.3). Thus either of these conditions could have been used in Theorem 8.1 if F had been taken as a Banach space. However, it should be noted that they are equivalent, since a Banach space is regular if its unit sphere is weakly compact and its norm is differentiable [19, Theorem 10] , while the unit sphere of a regular Banach space is weakly compact [10, Theorem l].
Uniform Fréchet differentiability
of the norm is a stronger condition, which also implies that there is at least one element orthogonal to any given closed linear subset (Theorem 7.3). Hence if the norm of a Banach space is uniformly Fréchet differentiable, then for a linear functional f with ||/|| = 1 there is at least one element x0 such that f(y)=N(x0; y) = -a||*o||, where xo-Lax0+y and N(xo ; y) is the differential of the norm at XoIf it is assumed that the space is uniformly convex, then the uniqueness of Xo follows from the resulting strict convexity and Theorem 7.4. Theorem 8.2. If B is a uniformly convex Banach space whose norm is Gateaux differentiable at all nonzero points, then for a linear functional f with 11/11 = 1 there is one and only one element *o such that ||*0|| = 1 andf(y) = N(xo; y) = -a, where *o-La*o+y and 7Y(*0; y) is the differential of the norm at *0.
It is known that the conclusion of Theorem 8.2 is valid in abstract Euclidean spaces [13, Theorem 11] , as would also follow from the fact that an abstract Euclidean space is uniformly convex and its norm is differentiable. However, it is possible for a normed linear space to satisfy the conditions of Theorem 8.2 without being abstract Euclidean. This is shown by the following examples, which also furnish illustrations of other principles of orthogonality. 
